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Abstract
We analytically work out the orbital effects caused by a Rindler-
type extra-accelerationARin which naturally arises in some recent mod-
els of modified gravity at large distances. In particular, we focus on the
perturbations induced by it on the two-body range ρ and range-rate
ρ˙ which are commonly used in satellite and planetary investigations
as primary observable quantities. The constraints obtained for ARin
by comparing our calculations with the currently available range and
range-rate residuals for some of the major bodies of the solar system,
obtained without explicitly modeling ARin, are 1 − 2 × 10−13 m s−2
(Mercury and Venus), 1 × 10−14 m s−2 (Saturn), 1 × 10−15 m s−2
(Mars), while for a terrestrial Rindler acceleration we have an upper
bound of 5× 10−16 m s−2 (Moon). The constraints inferred from the
planets’ range and range-rate residuals are confirmed also by the latest
empirical determinations of the corrections ∆ ˙̟ to the usual Newto-
nian/Einsteinian secular precessions of the planetary longitudes of per-
ihelia ̟: moreover, the Earth yields ARin ≤ 7×10−16 m s−2. Another
approach which could be followed consists of taking into account ARin
in re-processing all the available data sets with accordingly modified
dynamical models, and estimating a dedicated solve-for parameter ex-
plicitly accounting for it. Anyway, such a method is time-consuming.
A preliminary analysis likely performed in such a way by a different
author yields A ≤ 8×10−14 m s−2 at Mars’ distance and A ≤ 1×10−14
m s−2 at Saturn’s distance. The method adopted here can be easily
and straightforwardly extended to other long-range modified models
of gravity as well.
Keywords: Experimental tests of gravitational theories, Modified theories of
gravity, Celestial mechanics, Ephemerides, almanacs, and calendars, Orbit
determination and improvement
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1 Introduction
Recently, Grumiller [1] has constructed an effective model for gravity of a
central object of mass M at large scales. Starting from the most general
space-time metric endowed with spherical symmetry in four dimensions [2]
(ds)2 = gAB(x
µ)dxAdxB +Φ2(xµ)
[
(dθ)2 + sin2 θ (dφ)2
]
, A,B = 0, 1, (1)
where Φ(xµ) is a 2-dimensional dilaton field, it is possible to reduce the
4-dimensional Einstein-Hilbert action to a 2-dimensional dilaton1 one [3].
By writing down the most general 2-dimensional action for gAB and Φ
consistent with spherical symmetry and with additional assumptions like
power-counting renormalizability, analyticity, etc., and by considering the
long-distance limit, an additional term with respect to the usual ones of the
General Theory of Relativity (GTR) appears. It is [1]
gAB(x
µ)dxAdxB = K2(dx0)2 − (dr)
2
K2
, Φ = r, (2)
with
K2 = 1− 2GM
r
− Λr2 + 2Ar. (3)
While M and Λ are parameters retaining their usual GTR meanings, A, ac-
cording to its geometrical interpretation [3], yields a radially directed Rindler
extra-acceleration ARin
.
= Ac2 (RIN in the following) [2].
Since in Ref. [1] it has been envisaged the possibility that RIN may
explain the anomalous behavior exhibited by both the Pioneer spacecrafts
after they passed the threshold of about 20 astronomical unit (au) [4, 5],
traditionally expressed in terms of an unexplained radial acceleration
APio = (8.74 ± 1.33) × 10−10 m s−2, (4)
it is worthwhile to study in more details the phenomenology of RIN in
the solar system. Incidentally, let us recall that recent works [6, 7] point
towards an explanation of the Pioneer anomaly in terms of mundane, non-
gravitational effects peculiar to the probes. On the other hand, if the Pioneer
1Dilaton gravity models in two dimensions have recently attracted much attention
because of their implications for a list of well-known problems in quantum gravity [3].
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anomaly was really a genuine dynamical effect of gravitational origin, it
should also affect the orbital motions of the solar systems bodies moving in
the space regions in which it manifested itself in its presently known form.
For such an issue see, e.g., Ref. [8] and references therein.
In Section 2 we analytically work out some effects caused by RIN on test
particles’ orbital motion around a central body. In particular, in Section
2.1 we deal with the two-body range, while in Section 2.2 we treat its time
derivative, i.e. the two-body range-rate. In Section 3 we put constraints on
RIN by comparing our results with the most recently produced range and
range-rate residuals for several solar system bodies. Section 4 is summarizes
our findings.
Finally, let us note that the strategy presented here can, in principle,
be straightforwardly extended to other exotic effects predicted by different
long-range modified models of gravity.
2 Analytical calculation
In principle, simple back-to-the-envelope computations may be performed
by noting that, given a constant and uniform extra-acceleration ARin acting
on a test particle in orbital motion around a central body, its position and
velocity shifts caused by ARin are roughly given by the product of ARin by
the second and first powers, respectively, of a characteristic time T of the
system considered which, in the present case, is the particle’s orbital period
Pb. Anyway, such a naive approach is not able to tell us if such a kind
of perturbation does actually affect the orbital motions with non-vanishing,
long-term effects. Moreover, also by a-priori supposing that it is just the
case, the correct order of magnitude of them may not be correctly inferred
because of the true details of the orbit like, e.g., its eccentricity e. Indeed,
since it is usually very small for typical solar system bodies, its presence or
its absence in the expression for a certain orbital effect may substantially
alter its size. Thus, it is mandatory to explicitly work out in full details the
perturbations induced by ARin on some features of test particles’ orbits: we
will choose the2 two-body range ρ and range-rate ρ˙ because they are direct,
unambiguous and accurate observables very common in Earth-satellite and
Sun-planets investigations. In Section 2.1 the perturbation ∆ρ is computed,
while Section 2.2 is devoted to ∆ρ˙.
2We refer to two test particles A and B orbiting the same central body and reciprocally
interconnected by means of some artificial, man-made electromagnetic links.
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2.1 The two-body range
The orbit of a test particle around a central mass in presence of a dynamical
perturbation ~A of the usual two-body, pointlike Newtonian monopole can
be written as
~rP = ~rU +∆~r. (5)
The subscript3 P denotes the perturbed orbit, while U labels the unper-
turbed Keplerian ellipse. To avoid possible misunderstandings, we remark
that what will, actually, be compared to the data in Section 3 is only ob-
tained from the perturbation ∆~r. As a consequence, standard perturbative
approaches like those relying upon the Gauss or the Lagrange equations for
the variation of the Keplerian orbital elements [13] can be adopted to work
out the orbital effects of ~A. They make use of the Newtonian trajectory
as unperturbed, reference path. In principle, it is possible to assume as
reference orbit a fully post-Newtonian one [9, 10], and work out the effects
of a given small extra-acceleration ~A with respect to it according to the
perturbative scheme set up by the authors of Refs. [9, 10]. It is a general
relativistic generalization of the standard perturbative approach based on
the planetary Lagrange equations [13]. In the present case, given the ex-
tremely tight bounds on ARin which will be inferred in Section 3, we may, in
principle, safely apply such relativistic perturbative scheme since ARin will
turn out to be not only much smaller than the Newtonian monopole term,
but also of the Schwarzschild-like planetary accelerations which are of the
order of
AGTR ≈ (GM)
2
c2r3
= 1× 10−9 − 6× 10−11 m s−2. (6)
Anyway, it would be, in practice, useless since the only addition with respect
to the orbital effects resulting from the standard perturbative scenario would
consist of further, small cross GTR-RIN orbital effects which, in the present
case, would be of the order of ARin(v/c)
2. Since typical planetary speeds
are of the order of v ≈
√
GM/r ≈ 104 m s−1, such mixed terms would be
completely negligible. Let us remark that putting a bound smaller than the
GTR Schwarzschild-type term is, actually, consistent. Indeed, GTR is fully
modelled in the softwares routinely used to process astronomical data: thus,
what actually is relevant is the uncertainty in the GTR terms, which is, at
present, at a 0.01 percent level or less (see Section 3.1 below). Moreover, as
it will be shown in Section 3.1, the RIN and GTR effects have also different
time signatures, thus allowing for tighter constraining of RIN.
3In the following we will neglect it to make the notation less cumbersome.
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For analytical purposes, we will work in the R − T − N formalism by
expressing the position perturbation ∆~r in terms of its radial, transverse and
out-of-plane (or normal) projections ∆R,∆T,∆N onto the three orthogonal
directions of the co-moving frame with unit vectors rˆ, τˆ , νˆ, so that
∆~r = ∆R rˆ +∆T τˆ +∆N νˆ. (7)
In order to analytically work out the range and range-rate perturbations
due to some dynamical effects, let us review in some details some key-features
of the R−T −N formalism. In terms of the standard Keplerian orbital ele-
ments and of the usual unit vectors ıˆ, ˆ, kˆ of an inertial frame with Cartesian
rectangular coordinates having its origin in the central body, the R−T −N
versors, evaluated onto the unperturbed orbit, are [11]
rˆ =


cos Ω cos u − cos I sinΩ sinu
sinΩ cos u+ cos I cos Ω sinu
sin I sinu

 (8)
τˆ =


− sinu cos Ω− cos I sinΩ cos u
− sinΩ sinu+ cos I cos Ω cos u
sin I cos u

 (9)
νˆ =


sin I sinΩ
− sin I cos Ω
cos I,

 (10)
where I,Ω, ω are the inclination of the orbit to the reference {x, y} plane
adopted, the longitude of the ascending node and the argument of the peri-
centre, respectively; u
.
= ω+ f is the argument of latitude, in which f is the
true anomaly reckoning the instantaneous position of the test particle along
its Keplerian ellipse. Thus, after having analytically worked out the per-
turbations of the Keplerian orbital elements, it will be possible to calculate
∆R,∆T,∆N according to Ref. [12]


∆R =
(
r
a
)
∆a− a cos f∆e+ ae sin f√
1−e2∆M,
∆T = a sin f
[
1 + r
a(1−e2)
]
∆e+ r(cos I∆Ω+∆ω) +
(
a2
r
)√
1− e2∆M,
∆N = r(sinu∆I − cos u sin I∆Ω),
(11)
in which a, e,M are the semimajor axis, the eccentricity and the mean
anomaly, respectively.
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The Gauss equations for the variation of the Keplerian orbital elements
are [13]


da
dt
= 2
n
√
1−e2
[
eAR sin f +AT
(
p
r
)]
,
de
dt
=
√
1−e2
na
{
AR sin f +AT
[
cos f + 1
e
(
1− r
a
)]}
,
dI
dt
= 1
na
√
1−e2AN
(
r
a
)
cos u,
dΩ
dt
= 1
na sin I
√
1−e2AN
(
r
a
)
sinu,
dω
dt
=
√
1−e2
nae
[
−AR cos f +AT
(
1 + r
p
)
sin f
]
− cos I dΩ
dt
,
dM
dt
= n− 2
na
AR
(
r
a
)−√1− e2 (dω
dt
+ cos I dΩ
dt
)
.
(12)
In eq. (12) p
.
= a(1 − e2) is the semi-latus rectum, n .=
√
GM/a3 is the
unperturbed Keplerian mean motion related to the Keplerian orbital period
by n = 2π/Pb, and AR, AT , AN are the radial, transverse and out-of-plane
components of the disturbing acceleration ~A which have to be computed
onto the unperturbed Keplerian ellipse. It turns out that, in order to make
the calculations easier, it is more convenient to use the eccentric anomaly E
instead of the true anomaly f ; basically, E can be regarded as a parametriza-
tion of the polar angle in the orbital plane. To this aim, useful conversion
relations are [13] 

cos f = cosE−e1−e cosE ,
sin f =
√
1−e2 sinE
1−e cosE ,
r = a(1− e cosE),
dt =
(
1−e cosE
n
)
dE.
(13)
In the specific case of RIN, the R−T −N components of its acceleration
are simply 

AR = ARin,
AT = 0,
AN = 0,
(14)
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in which ARin can be either positive or negative. Inserting eq. (14) into eq.
(12) and integrating it by means of eq. (13) from the initial value of the
eccentric anomaly E0 to a subsequent, generic value E yield


∆a = −2eARin(cosE−cosE0)
n2
,
∆e = −ARin(1−e
2)(cosE−cosE0)
n2
,
∆I = 0,
∆Ω = 0,
cos I∆Ω+∆ω = ARin
√
1−e2
an2
[
(E − E0)− (sinE−sinE0)e
]
,
∆M = ARin
an2
[
−3 (E − E0) + (sinE−sinE0)e +
+ 3e (sinE − sinE0)− e
2(sin 2E−sin 2E0)
2
]
.
(15)
Thus, eq. (15) inserted into eq. (11) yield the R − T − N position
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perturbations due to RIN


∆R = − ARin
n2(1−e cosE) {
[cos (E − E0)− 1]+
+ 3e [(E − E0) sinE + cosE − cosE0] +
+ 3e2 [cos(E −E0)− 1]+
+ e
3
4 [3 cosE + cos 3E − 4 cosE0 (cos 2E + sinE sinE0)]
} ,
∆T = − ARin
n2(1−e cosE) {
2 [sin (E − E0)− (E − E0)] +
+ e2 [4 (E − E0) cosE − 6 sinE + sin (2E − E0) + 5 sinE0]−
− e2 [(E − E0) cos2E − (sinE − sinE0) cosE0
]
} ,
∆N = 0.
(16)
Note that the results of eq. (15) and of eq. (16) are exact; no approximations
in e have been used. Moreover, eq. (16) does not present any singularities
for particular values of e.
In order to conveniently plot eq. (16) as a function of time we will use
suitable partial sums of the series4
E =M+
∞∑
q=1
2
q
Jq(qe) sin (qM) , (17)
where Jq(qe) is the Bessel function of the first kind [15]. Indeed, the mean
4It converges for all e < 1 like a geometric series with
ratio r =
[
e/
(
1 +
√
1− e2
)]
exp
(√
1− e2
)
[14]. See also
http://mathworld.wolfram.com/KeplersEquation.html.
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anomaly is a parametrization of time according to
M .= n(t− tp), (18)
where tp is the time of the passage at pericenter. It turns out that for
small eccentricities just a few terms in eq. (17) have to be retained. Note
that eq. (16) tells us that, for a given value of ARin, the largest effects
occur for those orbiters having the largest orbital periods; in particular, for
a given central body of mass M , the most distant test particles orbiting
it experience the largest perturbations. Indeed, the shifts of eq. (16) are
proportional to ARinP
2
b , as expected. This fact is important because, for
a given level of accuracy in determining the orbits of the probes used, the
tightest constraints on ARin come just from the most distant ones with
respect to M .
The perturbations of eq. (16) can fruitfully be used to analytically work
out the two-body range and range-rate perturbations between two test parti-
cles A and B orbiting the same central body of mass M . Indeed, concerning
the range, from 

ρ2 = (~rA − ~rB) · (~rA − ~rB) ,
ρˆ
.
= (~rA−~rB)
ρ
,
(19)
to be evaluated onto the unperturbed Keplerian ellipses of the two test
particles A and B, it follows that, for a generic perturbation, the range shift
∆ρ is [16]
∆ρ = (∆~rA −∆~rB) · ρˆ. (20)
In the case of the unperturbed Keplerian ellipse it is
~r = r rˆ, (21)
with r as in eq. (13), and rˆ given by eq. (8).
2.2 The two-body range-rate
It is also possible to analytically work out the two-body range-rate perturba-
tion ∆ρ˙ [16] by, first, working out the R−T −N shifts of the test-particle’s
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velocity. In general, they are [12]


∆vR = − n sin f√1−e2
(
e∆a
2 +
a2∆e
r
)
− na2
√
1−e2
r
(cos I∆Ω+∆ω)− na3
r2
∆M,
∆vT = −na
√
1−e2
2r ∆a+
an(e+cos f)
(1−e2)3/2 ∆e+
nae sin f√
1−e2 (cos I∆Ω+∆ω) ,
∆vN =
na√
1−e2 [(cosu+ e cosω)∆I + (sinu+ e sinω) sin I∆Ω] ,
(22)
so that
∆~v = ∆vR rˆ +∆vT τˆ +∆vN νˆ. (23)
In the case of RIN, inserting eq. (15) in eq. (22) straightforwardly yields


∆vR =
ARin
n(1−e cosE)2 {
(E − E0) (2 + e cosE)− sin (E − E0)−
− e (4− e cosE) (sinE − sinE0)+
+ e
2
2 [e cosE0 sin 2E + (1− e cosE) (2E − 2E0 + sin 2E) − sin 2E0]
} ,
∆vT =
ARin
√
1−e2
n(1−e cosE) [
(E − E0) sinE − 1 + cos(E − E0)+
+ e (cosE − cosE0)
] ,
∆vN = 0.
(24)
Also eq. (24) are exact in e. Note that, for a given value of ARin, also
the shifts of eq. (24) get larger for more distant, i.e. slower, orbiting test
particles around a central body; indeed, as expected, they are proportional
to ARinPb.
In order to work out the two-body range-rate perturbation, the following
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unit vector, computed onto the unperturbed Keplerian ellipse, is needed [16]
ρˆn
.
=
(~vA − ~vB)− ρ˙ ρˆ
ρ
, (25)
where
ρ˙ = (~vA − ~vB) · ρˆ. (26)
In eq. (25)-eq. (26) the5 Keplerian test particle’s velocity must be used; it
is
~v = vR rˆ + vT τˆ , (27)
with 

vR =
nae sin f√
1−e2 ,
vT =
na(1+e cos f)√
1−e2 .
(28)
Note that, by construction, ρˆn is orthogonal to ρˆ. The two-body range-rate
perturbation ∆ρ˙ is, thus, [16]
∆ρ˙ = (∆~vA −∆~vB) · ρˆ+ (∆~rA −∆~rB) · ρˆn. (29)
In the present specific case, inserting eq. (16) and eq. (24) into eq. (29), with
eq. (17), allows to plot the range-rate perturbation due to RIN as a function
of time. Finally, let us note that an alternative approach to compute ∆ρ˙
consists of straightforwardly taking the derivative ∆ρ with respect to t after
that its time series has been generated from eq. (20) with the aid of eq.
(17).
3 Confrontation with the observations
3.1 The range and range-rate residuals
Here we plot the analytically computed time-series of the two-body range
and range-rate perturbations caused by RIN for A=Earth and B given by
various bodies of the solar system. Then, we compare them with the existing
residuals produced with the latest ephemerides in which RIN was not mod-
eled in order to preliminarily put constraints on the magnitude of ARin. In
5Here we drop the subscript U denoting the unperturbed trajectory.
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order to unambiguously and correctly interpret our results, it should be no-
ticed that all standard Newtonian and Einsteinian gravitational effects have
been accurately modeled in computing the range-residuals, so that they
account, in principle, for any unmodeled dynamical effect like just RIN. In
particular, the modeling of GTR dynamical effects has reached a sub-percent
level of accuracy. Indeed, reasoning in terms of the PPN parameters β and
γ, latest determinations of them from fitting dynamical models of different
ephemerides (INPOP, EPM, DE) to large data sets covering about one cen-
tury by independent teams of astronomers are accurate at ∼ 10−4 − 10−5
level [18, 19, 20, 21, 23, 22, 24, 25, 26]. We are confident in our results
because we independently checked our analytically-produced time series by
numerically integrating the equations of motion for the pairs A-B with and
without RIN; the resulting range and range-rate signatures coincide with
those analytically computed.
According to Table 1 of Ref. [19], the Mercury range residuals cover
rather continuously a time span 33 yr long (1964-1997) with a Root-Mean-
Square (RMS) error of 575 m; see also Figure B-2 and Figure B-3 of Ref. [28].
Figure 1 shows that the largest admissible value for ARin yielding an unmod-
elled range signal still compatible with the existing residuals is 10−13 m s−2;
indeed, a larger value for ARin would induce a signature larger than the
actual residuals.
0 5 10 15 20 25 30
t HyrL
-200
-100
0
100
200
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Ρ
Hm
L
Earth-Mercury range
Figure 1: Earth-Mercury range perturbation ∆ρ, in m, caused by ARin =
1× 10−13 m s−2 over ∆t = 33 yr. The initial conditions have been retrieved
from the NASA-JPL WEB interface HORIZONS.
Table 1 of Ref. [19] tells us that the Venus range residuals span rather
continuously an interval 34 yr long (1961-1995) with a RMS error of 584 m;
see also Figure B-6 of Ref. [28]. The Magellan range-rate residuals covering
2 yr (1992-1994) have a RMS error of just 0.007 mm s−1 [19]. According
to Figure 2, also in this case we have |ARin| . 10−13 m s−2. In Figure 3
we depict the nominal Earth-Venus range-rate perturbation due GTR: cfr.
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Figure 2: Left panel: Earth-Venus range perturbation ∆ρ, in m, caused
by ARin = 2 × 10−13 m s−2 over ∆t = 34 yr. Right panel: Earth-Venus
(Magellan) range-rate perturbation ∆ρ˙, in mm s−1, caused by ARin = 2 ×
10−13 m s−2 over ∆t = 2 yr. The initial conditions have been retrieved from
the NASA-JPL WEB interface HORIZONS.
with the right panel of Figure 2. As anticipated in Section 2.1, the different
patterns are evident.
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Figure 3: Earth-Venus range-rate nominal perturbation ∆ρ˙, in mm s−1,
caused by GTR over ∆t = 2 yr. The initial conditions have been retrieved
from the NASA-JPL WEB interface HORIZONS.
Tighter constraints come from Mars. According to Table 1 of Ref. [19],
the 6-yr long range residuals of the Odyssey spacecraft (2002-2008) have a
rms error of 1.2 m; see also Figure B-11 of Ref. [20]. Figure 4 shows that, in
this case, ARin is constrained at a 10
−15 m s−2 level. Similar results come
from the range-residuals of the Mars Global Surveyor (MGS) spacecraft,
covering 8 yr (1998-2006) and accurate to 1.4 m [19]; Figure 4 shows that
they practically constrain ARin at the same level. It turns out that the
range-rate residuals of Viking and Pathfinder [19] do not yield constraints
competitive with those from the range. The pattern of the GTR signal is
different with respect to the RIN one, as clearly shown by Fig. 23 of Ref.
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Figure 4: Left panel: Earth-Mars (Odyssey) range perturbation ∆ρ, in m,
caused by ARin = 1×10−15 m s−2 over ∆t = 6 yr. Right panel: Earth-Mars
(MGS) range perturbation ∆ρ, in m, caused by ARin = 1×10−15 m s−2 over
∆t = 8 yr. The initial conditions have been retrieved from the NASA-JPL
WEB interface HORIZONS.
[27] covering 5 yr.
The present-day available range-residuals of the Cassini spacecraft or-
biting Saturn cover about 2 yr (2004-2006) and are accurate to 20 m; see
Table 1 of Ref. [19] and Figure B-20 of Ref. [28]. They allow to constrain
ARin at a 10
−14 m s−2 level, as shown by Figure 5. Also in this case, the
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Figure 5: Earth-Saturn (Cassini) range perturbation ∆ρ, in m, caused by
ARin = 1 × 10−14 m s−2 over ∆t = 2 yr. The initial conditions have been
retrieved from the NASA-JPL WEB interface HORIZONS.
Earth-Saturn range signal due to GTR is quite different with respect to the
RIN one, as it can be noticed from Fig. 45 of Ref. [27] covering 5 yr.
At this point it is important to stress that our results clearly show that
ARin cannot be the cause of the Pioneer anomaly. Indeed, ARin is a con-
stant for a specific system in consideration [1] in the sense that for a given
central body of mass M acting as source of the gravitational field ARin is
fixed: neither spatial nor temporal variations are admitted. Thus, it is not
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possible that ARin, being constrained to 10
−14 − 10−15 m s−2 level by the
inner planets, suddenly jumps to 10−10 m s−2 in the regions in which the
Pioneer anomaly manifested itself in its presently known form. See also the
discussion at the end of Section 3.2 in which different empirical quantities
are used to constrain APio after 20 au.
Moving to the neighborhood of the Earth, Figure B-1 of Ref. [28] shows
that the residuals of the Earth-Moon range, constructed from the data con-
tinuously collected with the Lunar Laser Ranging (LLR) technique [29], are
at a cm-level since about 1990. Figure 6 depicts the lunar range signature
over ∆t = 20 yr caused by a terrestrial RIN ARin = 5 × 10−16 m s−2; its
magnitude is as large as 4 cm at most, in agreement with the lunar laser
ranging residuals. Larger values for ARin would yield signals too large; for
example, it turns out that ARin = 1×10−15 m s−2 yields a RIN range signal
of almost 10 cm.
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Figure 6: Earth-Moon range perturbation ∆ρ, in cm, caused by a terrestrial
ARin = 5 × 10−16 m s−2 over ∆t = 20 yr. The initial conditions have been
retrieved from the NASA-JPL WEB interface HORIZONS.
It must be pointed out that, in principle, the bounds obtained so far
might be somewhat too tight since the unmodeled RIN signatures, if they
really existed in the data, may have been partially removed in the estimation
of the initial conditions in the data reduction process; actually, RIN should
be explicitly modeled, and a dedicated parameter accounting for it should be
solved-for along with the other ones routinely estimated in the usual way.
First attempts towards the implementation of such a strategy applied to
a generic extra-acceleration A radially directed towards the Sun may have
been recently performed by Folkner in Ref. [20]. He obtained from the DE
ephemerides by JPL an upper bound of A ≤ 1× 10−14 m s−2 on the Earth-
Cassini range [20], in agreement with our Figure 5. On the other hand,
the bound obtained from Mars in Ref. [20] is A ≤ 8 × 10−14 m s−2, which
is about one order of magnitude larger than ours in Figure 4. However,
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it must be noted that, basically, no details have been released in Ref. [20]
either concerning the data set of the spacecrafts used for Mars nor about
the methodology adopted to constrain A from them.
3.2 The perihelion precessions
Another possible approach to constrain ARin consists of looking at the em-
pirically determined corrections ∆ ˙̟ to the standard Newtonian/Einsteinian
secular precessions of the longitudes of the planetary perihelia ̟
.
= Ω + ω,
and compare them to theoretically predicted RIN-type precessions of ̟ [17].
The corrections ∆ ˙̟ have recently been estimated as solved-for parame-
ters by independent teams of astronomers [19, 21, 22] by fitting accurate
dynamical force models of their ephemerides, which only include the usual
Newtonian/Einsteinian dynamics, to long observational records spanning al-
most one century. They are listed in Table 1.
The secular precession of̟ caused by a constant and uniform extra-acceleration
A radially directed towards the Sun has been computed by the authors
of Refs. [30, 31, 32] in the framework of the investigations of the Pioneer
anomaly. It is
d̟
dt
= −A
√
1− e2
na
. (30)
By applying eq. (30) to RIN, a comparison of it with the most accurate
values of ∆ ˙̟ in Table 1 yields the upper bounds on ARin listed in Table 2.
Remarkably, the constraints on ARin of Table 2, obtained from the plane-
tary perihelia, are in substantial agreement with those of Section 3.1 inferred
from the range and range−rate residuals. The perihelion of the Earth yields
a bound as low as ARin ≤ 7× 10−16 m s−2.
Incidentally, it can also be noticed from Table 2 that the largest admis-
sible values for ARin from the perihelia of Uranus, Neptune and Pluto are
smaller than the smallest value of the anomalous Pioneer acceleration, i.e.
APio = 7.41× 10−10 m s−2 (1σ−level), by a factor 18− 25, respectively. At
3σ−level, i.e. for APio = 4.75 × 10−10 m s−2, they are smaller than it by a
factor 12− 16.
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Table 1: Estimated corrections ∆ ˙̟ , in milliarcseconds per century (mas
cty−1), to the standard Newtonian/Einsteinian secular precessions of the
longitudes of the perihelia ̟ of the eight planets plus Pluto determined
with the EPM2008 [19], the INPOP08 [21], and the INPOP10a [22]
ephemerides. Only the usual Newtonian/Einsteinian dynamics was mod-
elled, so that, in principle, the corrections ∆ ˙̟ account for any other un-
modelled/mismodelled dynamical effect. Concerning the values quoted in
the third column from the left, they correspond to the smallest uncertainties
reported in Ref. [21]. Note the small uncertainty in the correction to the
precession of the terrestrial perihelion, obtained by processing Jupiter VLBI
data [21].
Planet ∆ ˙̟ [19] ∆ ˙̟ [21] ∆ ˙̟ [22]
Mercury −4± 5 −10± 30 0.2± 3
Venus 24± 33 −4± 6 −
Earth 6± 7 0± 0.016 −
Mars −7± 7 0± 0.2 −
Jupiter 67± 93 142± 156 −
Saturn −10± 15 −10± 8 0± 2
Uranus −3890± 3900 0± 20000 −
Neptune −4440± 5400 0± 20000 −
Pluto 2840 ± 4510 − −
4 Summary and conclusions
We analytically worked out the perturbing effects which a Rindler-type
anomalous acceleration ARin, naturally arising from a 2-dimensional dilaton-
based long-range modification of gravity, would induce on the orbital motion
of a test particle orbiting a central body acting as source of the modified
gravitational field. In particular, in view of a comparison with the most re-
cent observations we focussed on the effects of ARin on the two-body range
ρ and range-rate ρ˙ because they are direct, unambiguous observables widely
used in satellite and planetary investigations.
It turns out that ARin does actually affect ρ and ρ˙ with long-term signa-
tures which can fruitfully be compared with the residuals for such observ-
ables built by processing extended data records for some planets and the
Moon with the latest ephemerides in which the Rindler perturbation has
not been explicitly modeled. It turns out that Mercury and Venus constrain
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Table 2: Upper bounds on the magnitude of RIN, in m s−2, from a com-
parison of the theoretical prediction of eq. (30) for the RIN-induced secular
precession of the longitude of the pericenter ̟ of a test particle and the most
accurate values of the empirically determined corrections ∆ ˙̟ to the stan-
dard Newtonian/Einsteinian secular planetary precessions of the perihelia
quoted in Table 1.
Planet ARin (m s
−2)
Mercury ≤ 2× 10−13
Venus ≤ 3× 10−13
Earth ≤ 7× 10−16
Mars ≤ 7× 10−15
Jupiter ≤ 2× 10−12
Saturn ≤ 3× 10−14
Uranus ≤ 4× 10−11
Neptune ≤ 4× 10−11
Pluto ≤ 3× 10−11
a solar ARin to a level of about 10
−13 m s−2. The bounds inferred from recent
data sets of some spacecrafts orbiting Mars are of the order of 10−15 m s−2,
while the Cassini range residuals yield ARin . 1 × 10−14 m s−2 at the Sat-
urn’s distance. Analogous constraints are obtained by using the empirically
determined corrections ∆ ˙̟ to the standard Newtonian/Einsteinian secular
precessions of the planetary perihelia: the Earth yields a tighter bound as
low as ARin . 7×10−16 m s−2. The tightest constraints come from the lunar
range residuals according to which ARin . 5 × 10−16 m s−2 for a modifica-
tion of the Earth’s gravitational field. Another analysis existing in literature,
likely based on a different method, points towards ARin ≤ 8 × 10−14 m s−2
at the Mars’ distance, while it agrees with our result for Saturn.
In principle, ARin should be explicitly modeled, the entire planetary and
satellite data sets used should be re-processed with such modified dynamical
models, and a dedicated solve-for parameter should be estimated. Such an
approach is certainly rather expensive in terms of computational burden
and time required, especially if other, more conventional tasks are pressing
and have to be mandatorily performed. Moreover, if one is interested in
other exotic effects predicted by some different modified gravities the entire
procedure has to be repeated with the new model. Instead, the approach
18
followed here in the case of the Rindler-type modification of gravity at large
distances can be easily and straightforwardly extended to other long-range
modified models of gravity as well
References
[1] D. Grumiller, “Model for Gravity at Large Distances”, Physical Review
Letters, 105, 211303, 2010.
[2] R.M. Wald, General Relativity. The University of Chicago Press,
Chicago, 1984.
[3] D. Grumiller, W. Kummer, D.V. Vassilevich, “Dilaton gravity in two
dimensions”, Physics Reports, 369, 327-430, 2002
[4] J.D. Anderson, P.A. Laing, E.L. Lau, A.S. Liu, M.M. Nieto, and S.G.
Turyshev, “Indication, from Pioneer 10/11, Galileo, and Ulysses Data,
of an Apparent Anomalous, Weak, Long-Range Acceleration”, Physical
Review Letters, 81, 2858-2861, 1998.
[5] J.D. Anderson, P.A. Laing, E.L. Lau, A.S. Liu, M.M. Nieto, and S.G.
Turyshev, “Study of the anomalous acceleration of Pioneer 10 and 11”,
Physical Review D, 65, 082004, 2002.
[6] O. Bertolami, F. Francisco, P.J.S. Gil, and J. Pa´ramos, “Thermal anal-
ysis of the Pioneer anomaly: A method to estimate radiative momentum
transfer”, Physical Review D, 78, 103001, 2008.
[7] B. Rievers, C. La¨mmerzahl, M. List, S. Bremer, and H. Dittus, “New
powerful thermal modelling for high-precision gravity missions with ap-
plication to Pioneer 10/11”, New Journal of Physics, 11, 113032, 2009.
[8] L. Iorio, “Does the Neptunian system of satellites challenge a gravita-
tional origin for the Pioneer anomaly?”, Monthly Notices of the Royal
Astronomical Society, 405, 2615-2622, 2010.
[9] M. Calura, P. Fortini, E. Montanari, “Post-Newtonian Lagrangian plan-
etary equations”, Physical Review D, 56, 4782-4788, 1997.
[10] M. Calura, P. Fortini, E. Montanari, “Lagrangian planetary equations
in Schwarzschild spacetime”, Classical and Quantum Gravity, 15, 3121-
3129, 1998.
19
[11] O. Montenbruck, and E. Gill, Satellite Orbits. Springer, Berlin, 2000.
p. 27.
[12] S. Casotto, “Position and velocity perturbations in the orbital frame
in terms of classical element perturbations”, Celestial Mechanics and Dy-
namical Astronomy, 55, 209-221, 1993.
[13] A.E. Roy, Orbital Motion. Fourth Edition. Institute of Physics, Bristol,
2005.
[14] S. da Silva Fernandes, Extension of the solution of Keplers equation to
high eccentricities, Celestial Mechanics and Dynamical Astronomy, 58,
297-308, 1994.
[15] G.N. Watson, A treatise on the theory of Bessel functions, second edi-
tion, Cambridge University Press, Cambridge, 1966.
[16] M.K. Cheng, “Gravitational perturbation theory for intersatellite track-
ing”, Journal of Geodesy, 76, 169-185, 2002.
[17] S. Carloni, D. Grumiller, F. Preis, “Solar system constraints on Rindler
acceleration”, arXiv:1103.0274, 2011.
[18] B. Bertotti, L. Iess, P. Tortora, “A test of general relativity using radio
links with the Cassini spacecraft”, Nature, 425, 374-376, 2003
[19] E.V. Pitjeva, EPM ephemerides and relativity. In: S.A. Klioner, P.K.
Seidelmann, M.H. Soffel, (eds.) Relativity in Fundamental Astronomy:
Dynamics, Reference Frames, and Data Analysis, Proceedings IAU Sym-
posium No. 261, Cambridge University Press, Cambridge, 2010, pp. 170-
178.
[20] W.M. Folkner, Relativistic aspects of the JPL planetary ephemeris.
In: S.A. Klioner, P.K. Seidelmann, M.H. Soffel, (eds.) Relativity in Fun-
damental Astronomy: Dynamics, Reference Frames, and Data Analysis,
Proceedings IAU Symposium No. 261, Cambridge University Press, Cam-
bridge, 2010, pp. 155-158.
[21] A. Fienga, J. Laskar, P. Kuchynka, C. Leponcin-Lafitte, H. Manche,
M. Gastineau, Gravity tests with INPOP planetary ephemerides. In: S.A.
Klioner, P.K. Seidelmann, M.H. Soffel, (eds.) Relativity in Fundamental
Astronomy: Dynamics, Reference Frames, and Data Analysis, Proceed-
ings IAU Symposium No. 261, Cambridge University Press, Cambridge,
2010, pp. 159-169.
20
[22] A. Fienga, INPOP10a, invited talk presented at Journe´es 2010
“Syste`mes de re´fe´rence spatio-temporels. New challenges for reference
systems and numerical standards in astronomy”, 20-22 September 2010,
Paris.
[23] E.V. Pitjeva, O. A. Bratseva, V. E. Panfilov, EPM-Ephemerides of
Planets and the Moon of IAA RAS: their model, accuracy, availability,
invited talk presented at Journe´es 2010 “Syste`mes de re´fe´rence spatio-
temporels. New challenges for reference systems and numerical standards
in astronomy”, 20-22 September 2010, Paris.
[24] W.M. Folkner, Recent Developments in Planetary Ephemeris Obser-
vations, invited talk presented at Journe´es 2010 “Syste`mes de re´fe´rence
spatio-temporels. New challenges for reference systems and numerical
standards in astronomy”, 20-22 September 2010, Paris.
[25] S. B. Lambert, C. Le Poncin-Lafitte, “Improved determination of γ by
VLBI”, Astronomy & Astrophysics, 529, A70, 2011
[26] A. S. Konopliv, S. W. Asmar, W. M. Folkner, K. O¨zgu¨r, D. C. Nunes,
S. E. Smrekar, C. F. Yoder, M. T. Zuber, “Mars high resolution gravity
fields from MRO, Mars seasonal gravity, and other dynamical parame-
ters”, Icarus, 211, 401-428, 2011
[27] L. Iorio, “Effects of Standard and Modified Gravity on Interplanetary
Ranges”, Int. J. Mod. Phys. D, 20, 181-232, 2011
[28] W.M. Folkner, J.G. Williams, D.H. Boggs, The Planetary and Lunar
Ephemeris DE 421, Memorandum IOM 343R-08-003, Jet Propulsion Lab-
oratory, California Institute of Technology, 2008.
[29] J.O. Dickey, P.L. Bender, J.E. Faller, X.X. Newhall, R.L. Ricklefs, J.G.
Ries, P.J. Shelus, C. Veillet, A.L. Whipple, J.R. Wiant, J.G. Williams,
and C.F. Yoder, “Lunar Laser Ranging: A Continuing Legacy of the
Apollo Program”, Science, 265, 482-490, 1994.
[30] L. Iorio, G. Giudice, “What do the orbital motions of the outer planets
of the Solar System tell us about the Pioneer anomaly?”, New Astronomy,
11, 600-607, 2006.
[31] R.H. Sanders, “Solar system constraints on multifield theories of modi-
fied dynamics”, Monthly Notices of the Royal Astronomical Society, 370,
1519-1528, 2006.
21
[32] M. Sereno, Ph. Jetzer, “Dark matter versus modifications of the grav-
itational inverse-square law: results from planetary motion in the Solar
system”, Monthly Notices of the Royal Astronomical Society, 371 , 626-
632, 2006.
22
